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Abstract 
Mode II and mode III fatigue crack growth rates and the related intrinsic stress intensity factor range thresholds ΔKIIeff,th and 
ΔKIIIeff,th were for a long time expected to be equal. However, there are many theoretical and experimental indications of a slower 
crack growth rate and a higher threshold for mode III than that for mode II for various metallic materials. In this article, a 
description of shear-mode fatigue crack growth for specimens made of ARMCO iron in terms of a diagram da/dN vs. ΔJ is 
presented and compared with that based on ΔK. For higher applied loads the description in terms of ΔK is no more valid which 
turned out from a precise assessment of plastic zone size for a wide range of shear-mode loading levels in these specimens. This
numerical elasto-plastic analysis revealed that the small-scale yielding conditions were only fulfilled in the near-threshold region
and, for higher loading levels, the ΔJ approach should be utilized. The measured curves plotted for loading modes II, III and 
II+III showed higher effective mode II threshold than that of mode III but approximately equal crack growth rates for both modes 
II and III. The mode II cracks in metals usually propagate faster than the mode III ones because the "factory-roof" morphology
created under mode III loading produces a high friction, thus reducing the effective crack driving force significantly. The unusual 
behavior of ARMCO iron can be explained here by a coplanar crack propagation without forming the factory roof morphology. 
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1. Introduction 
Mode II and mode III fatigue crack growth rates and the related stress intensity factor range thresholds ΔKII,th and 
ΔKIII,th were for a long time expected to be equal. However, theoretical models predict a slower crack growth rate 
and a higher intrinsic threshold for mode III than that for mode II (Vojtek et al., 2013). There are also experimental 
indications of a difference in both the crack growth rates under mode II and III, (e.g. Nayeb-Hashemi et al., 1983; 
Pokluda et al., 2008) and the intrinsic threshold values (Pokluda et al., 2014) for various metallic materials and 
loading levels. This work is focused on the description of crack growth data acquired from fatigue experiments 
conducted with special simple-shear specimens made from ARMCO iron. The aim is to describe shear-mode fatigue 
crack growth rates in modes II, III and II+III in terms of a diagram Δa/ΔN vs. ΔJ since the condition of small scale 
yielding is not satisfied for loading levels beyond the near-threshold region. The intrinsic thresholds in modes II, III 
and II+III in terms of ΔJ are also estimated. 
2. Experiments and methods 
The specimens were circumferentially notched cylindrical bars with an inner diameter d = 12 mm, an outer 
diameter D = 25 mm and a length of 100 mm. At the notch root precrack of the length of 0.15 mm was generated. 
The bar was loaded in simple shear which resulted in various combinations of modes II, III and II+III, depending on 
the polar angle φ, see Fig. 1. The bending moment was zero exactly at the central point of the bar and practically no 
superposition of mode I was present. 
A numerical analysis of the stress-strain field in this specimen was performed using the ANSYS code. A multi-
linear approximation of the cyclic stress-strain curve for ARMCO iron in Fig. 2 was used in the ANSYS code. The 
loading levels in the elasto-plastic simulation were accommodated to those applied in the fatigue experiments. More 
details on the experiments are published in (Vojtek et al., 2013) and on the numerical analysis in (Horníková et al., 
2014). 
 
 
Fig. 1. Combination of modes II, III and II+III depending on the polar angle φ as a result of pure shear loading of the circumferentially cracked 
cylindrical specimen. 
 
Fig. 2. The multi-linear approximation of the cyclic stress-strain curve for ARMCO iron used in the ANSYS code. 
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3. Validity of the description in terms of ΔK 
A description of crack growth rate in terms of appropriate fracture mechanics quantities demands a precise 
assessment of the static plastic zone size for a wide range of shear-mode loading levels. Unfortunately, there is a 
complete lack of any standards defining small-scale yielding conditions for shear loading modes. In the recently 
published study (Horníková, 2014), the evaluation of small-scale static plastic zone was done in analogy with that 
for mode I. This criterion of small scale yielding (ASTM standard) prescribes a > 20rp, where a is the total crack 
length. In our case this gives an upper bound value rp ≈ 350 μm. For each specimen the value of rp was determined 
from the numerical analysis of stress-strain field at the crack tip as a size of the region where the plastic strain 
intensity εINT > 0.2%. The analysis revealed that the small-scale yielding conditions were only fulfilled in the near-
threshold region up to the ΔK value approximately two times higher than that of the threshold. 
 
4. Diagrams Δa/ΔN vs. ΔJ 
The description of shear-mode fatigue cracks growth in ARMCO iron in terms of diagrams Δa/ΔN vs. ΔJ is 
presented in Fig. 3 for modes II and III and in Fig. 5 for mixed mode II+III. Additionally, a diagram Δa/ΔN vs. ΔJK 
is plotted in Fig. 4 and Fig. 5, where values of ΔJK were recalculated from those of ΔK according to Eqs. (1) – (3) 
for plane strain (Anderson, 1995): 
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where Keq is the stress intensity factor for mixed mode II+III 
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One should note that this conversion is approximate and is valid practically only in the elastic region. This is also 
the reason why there is a difference between ΔJ and ΔJK that can be seen when comparing the diagrams in Figs. 3 
and 4. Nevertheless, this difference is, as expected, quickly decreasing when approaching the threshold values. 
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Fig. 3. Dependence of modes II and III crack growth rates (Δa/ΔN)II,III on ΔJII and ΔJIII determined by elasto-plastic calculation. 
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Fig. 4. Dependence of modes II and III crack growth rates (Δa/ΔN)II,III on ΔJK,II and ΔJK,III recalculated from ΔKII and ΔKIII obtained by a linear 
elastic solution. 
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Fig. 5. Dependence of mixed-mode II+III crack growth rate (Δa/ΔN)II+III on ΔJII+III determined by elasto-plastic calculation and on ΔJKeq 
recalculated from ΔKeq for mixed mode II+III obtained by a linear elastic solution. 
 
5. Discussion 
All crack growth rate curves show that ΔJIIeff,th < ΔJIIIeff,th. The threshold ΔJIIIeff,th is about five times higher than 
that of ΔJIIeff,th which nearly corresponds to the measured ratio ΔKIIIeff,th/ΔKIIeff,th ≈ 2 for ARMCO iron. Note that this 
ratio was found to be approximately equal also for other metallic materials as α-titanium, nickel and stainless steel 
(Pokluda et al., 2014). 
In a majority of metallic materials, mode I branching (deflection, twist) of shear-mode cracks was observed. 
Mode II cracks usually deflect around the crack front by the angle up to 70°. Mode III cracks tend to create a 
complicated fracture surface called "factory roof", where an interlocking of high asperities causes a high friction and 
reduces the effective crack driving force significantly. Therefore, the crack growth rate in mode II is usually 
observed to be higher than that in mode III (Vojtek et al., 2013; Pokluda et al., 2014; Tanaka, 2012). In the case of 
the ARMCO iron, however, the situation is totally different. As seen from the diagrams in Figs 3 – 5, the growth 
rates of modes II, III and II+III cracks are nearly equal. This can be explained by a distinct fracture surface 
morphology of shear-mode cracks in ARMCO iron. Here, the mode I branching is absent and both mode II and 
mode III cracks exhibit an almost coplanar propagation along the precrack plane (maximum-shear plane) with only 
small deviations up to 20°. After a small extension of such a shear-mode crack, the friction between the crack flanks 
starts to quickly increase and, therefore, the extrinsic component becomes a major part of the resistance to crack 
propagation. Consequently, the difference between the crack growth rates in modes II and III becomes negligible. 
Let us finally emphasize that the cyclic plastic zone is relevant for fatigue crack growth rather than the static one. 
For the cyclic ratio R ≈ 0 used in experiments, the size of this zone rcp ≈ 0.25rp. This means that practically all 
experimental data lie within the small-scale region in terms of rcp and, therefore, the description in terms of ΔKII or 
ΔKIII can still be accepted. This is the reason why all experimental (Δa/ΔN)II,III vs. ΔKII,III data for ARMCO iron, 
obtained by means of three different kinds of cracked specimens, lay almost on an identical curve (Vojtek at al., 
2013). 
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6. Conclusions 
The elasto-plastic numerical analysis and the evaluation of the plastic zone size has shown that the description of 
crack growth of shear-mode cracks in the ARMCO iron should be performed in the form of diagrams Δa/ΔN vs. ΔJ 
Therefore, the received experimental data for modes II, III and the mixed mode II+III were plotted in this manner. 
These plots revealed that the effective threshold ΔJIIIeff,th for mode III was higher than ΔJIIeff,th for mode II by a factor 
of approximately 5. Unlike in some other metallic materials, however, the crack growth rates in both mode II and III 
were nearly equal. This can be explained by a flat fracture surface morphology of shear-mode cracks in the ARMCO 
iron where the mode I branching is absent and both mode II and mode III cracks exhibit a similar morphology with 
only small deviation and twist angles up to 20°. 
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